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Question 1. (20 points) Determine whether the following statements are true or false. If the
statement is true, justify it. If the statement is false, provide a counterexample.

A. If AB = 0, then either A = 0 or B = 0.

B. If two rows are proportional, then the determinant is zero.

C. Consider the vector space V = C2[a, b], all twice continuous functions on the interval [a, b]
and let p(x) and q(x) be smooth functions. The following space is a vector subspace of V :

H = {y ∈ C2[a, b] | y′′(x) + p(x)y′(x) + q(x)y(x) = 0 ∀x ∈ [a, b]}.
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D. Consider the space of degree 3 polynomials P3(x). Define the dot product between vectors in
P3(x) as

p(x) · q(x) =
∫ 1

0

p(x)q(x) dx.

Define W = span{1, x}. Then, W⊥ contains a polynomial of degree 1.

E. The dimension of the following subspace is 4

H = span



1
2
4
8

 ,


1
1
1
1

 ,


−2
0
4
12

 ,


3
2
0
−4




F. Let A be a 5× 9 matrix with rank(A) = 4. Which of the following statements must be true.

I. rank(AT ) = 5

II. dim(row(A)) = 4

III. dim(nul(A)) = 1

IV. Ax = b has infinitely many solutions for every b ∈ R5

V. The columns of A are linearly dependent
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Question 2. (10 points) Let A =

(
1 −1
0 1

)
. Find the matrix B that satisfies the following

equation:

BTA−1 =

(
0 1
2 0

)

Question 3 (10 points) Let A =

1 2 4
0 2 5
3 2 2

. For which values of r is the system Ax =

2
3
r


consistent?
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Question 4 (10 points) Let B =


1
0
3

 ,

2
2
2

 be the basis for the column space of a matrix A.

Determine if the vector x =

 1
4
−5

 is in the column space of A. If it is, write the vector x relative

to the basis B.
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Question 5. (10 points) Which of the following set of vectors spans R4?

A.



1
2
0
1

 ,


2
2
0
1

 ,


−1
−2
0
1

 ,


0
0
0
0




B.



1
2
0
0

 ,


2
4
0
0

 ,


−5
−7
8
0

 ,


5
6
6
3




C.



3
2
2
1

 ,


2
2
7
−1

 ,


1
−2
5
1




D.



1
2
0
1

 ,


2
2
0
1

 ,


−1
−2
0
1

 ,


6
5
0
3



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Question 6. (10 points) Let A =


1 2 3 4
0 1 2 0
0 1 0 0
2 3 4 5

. Calculate det(A).
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Problem 7. (10 points) Write the solution as an augmented matrix and then solve it by computing
the echelon form. To verify your solution, calculate the corresponding inverse matrix.

x1 + 2x2 + x3 = 4

3x1 + 8x2 + 7x3 = 20

2x1 + 7x2 + 9x3 = 23
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Problem 8 Let A =

 1 3 −1 1 3
1 3 0 3 6
−2 −6 2 −2 −6

. Calculate the following:

1. The reduced row echelon form of A

2. The rank and nullity of A

3. A basis for the null space of A

4. A basis for the column space of A

5. A basis for the row space of A

End of Exam. Check your work!


