Math 1301

Exam 2 Practice Problems Solutions

1. Use the integral comparison test to show if the following integrals converge or diverge.

(e e] 1
—
(@) /1 2202 1 2026

Solution. We can bound the integrand in the following way:

1 1
22026 1 2026 < 72026

22026 4 2026 > 220% = forz > 1

o)

dx from below by —o3 @ which con-
x

o 1
/0 22026 1 2026
verges from the p—integral test. The Integral Comparison Test therefore yields

that /0 mdm converges. O

oo 1
b d
U/l rert

Solution. For all x > 1, we have

Hence, we can bound

1
< — =e 2

r+eX > =<
ZL’+62$ 6255

Now consider the comparison integral which we can evaluate in the following way:

0o 1 b
e dr = lim |——e %
1 b—oo 2 1

1 1
= Jlim (‘56_% + 5)

1
= @ < Q.
o
Since 0 < ST < e * and / e % dx converges, the Direct Comparison Test
1
[o.¢]
implies that / dx converges. [
1 r+er

2. Determine whether the following series converge. State what tests you are using and
verify the hypotheses.

WY

n=0

1
Solution. Set b, = ——. Clearly, b, > 0 for all n > 0. Moreover,
dn +1

1 1
bpt1 = < =b,,
T A+ T dAn—+1

1
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so (by) is decreasing. Finally,

lim b, = lim =

Thus, all hypotheses of the Alternating Series Test are satisfied, and the series
converges. To determine whether convergence is absolute, observe that

1
dn+1 n 1

o0
1
Since this limit is finite and positive and g — diverges, the Limit Comparison
n
n=1
Test implies that the series of absolute values diverges. Therefore, the series

converges conditionally. ]

f: n+ 2
— vnt+1
Solution. All terms are positive. We apply the Limit Comparison Test with the

o
1
divergent harmonic series g —. Indeed,
n

n=1
n+2
sl 2
lim \/TF = lim —n(n+ )
n—o00 Py n—o00 ,/n4 + 1
. 142
= lim —2=
n—00 1"‘%
=1.

Since the limit is finite and strictly positive, the Limit Comparison Test yields that
both series have the same convergence behavior. The harmonic series diverges by
the p-series test with p = 1. Hence, the series diverges. O
=< In(n)
>

n=3

n

Solution. Set a,, = L > (0. We apply the Ratio Test and compute

(n!)?
Gt _ (4 1) ()
a,  ((n+1)H2 nn
(n+ 1"

nn

()
= 1+— .
n—+1 n




Math 1301

Hence,
. 1+ 1/n)"
L= lim % — Jim MZQ,
n—00 QA n—o00 n + 1

because (1 +1/n)" — e. Since L = 0 < 1, the Ratio Test implies that the series
converges. O
S

<= (In(n))"™

Solution. Let a, = ln(n)ln(”). Using properties of logs and exponentials, we have

a, = ln(n)ln(n) _ 6ln(n) In(In(n)) _ nln(ln(n)) > ’TLZ. Hence
o o 1
2 <)
n=1 n=1
o0 o 1
and the Direct Comparison Test yields that Z G, converges as Z — converges
n=1 n=1 n
by the p-series test. O

o0 ’]’L5
S (s )
— M 4+4n’ + 1

Solution. Set a, = ln<

nd

5nd 4+ 4n3 + 1
converge is that its terms approach zero. However,

) . A necessary condition for a series to

li B T
e U T M GBS B S AP £ 1

1

Here we used the continuity of the log on (0, c0). Since the terms do not approach
zero, the Divergence Test gives that the series diverges. O]

00 2n
Z n
—— <n4 —3n2 + 3”)

Solution. Seta,, = < n

n +3n2 + 3n
so a, > 0. We apply the Root Test by calculating

n 2
n = nt —3n2 + 3n

1
(n® —3n+3)2

2n
) . For n > 1, the denominator is positive,

3
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Therefore,
L= nhﬁrglo Ya, = 0.
Since L = 0 < 1, the Root Test yields that the series converges. O
f: In(In(n))
“—~ nln(n)
, In(In x) ,
Solution. We apply the Integral Test to f(x) = 1 . For x > €, the function
rlnz

is continuous and positive. Differentiating gives

_I—(Inz+1)In(Inx)
B 2(Inz)?

f'(x)

For x > ¢, we have In(Inz) > 1, so
l1—(Inz+1)In(lnz) < —Inz < 0.

Thus f is decreasing on [e®, 00). All hypotheses of the Integral Test are therefore
satisfied on this interval. Using the substitution v = In(lnzx), so that du =

dx/(xzInz), we obtain
o 1 oo
/ Mdas :/ udu
e Tlnz 1

27b
. U
= lim {—} — 00

b—o0 1

As the corresponding integral does not converge, the Integral Test provides that
the series does not converge either. O]

f: cos(n)
—~ nd +n3 + 2

Solution. We show that the series converges absolutely. Since |cosn| < 1 and the
denominator is positive, we have

1
< —.
S

cosn
T nf 4 nd 42

1
The series Z — converges by the p-series test, since p = 5 > 1. Thus, by
n

n=2
the Direct Comparison Test f: s converges. Therefore, the series
C e nt 2 ' ’
converges absolutely. O
> (=1 (In(n + 1) — In(n))
n=1
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1
Solution. Set b, =In(n+ 1) —lnn =1In |1+ —). Since 1 4+ 1/n > 1, we have
n

b, > 0. Moreover, 1/(n + 1) < 1/n, and the logarithm is strictly increasing.

Hence,
b In{1+ ! <In(1+ L b
n = n n — = Op.
1 n+1 n

Finally, by continuity of the logarithm,

lim b, = In(1) = 0.

n—oo

All hypotheses of the Alternating Series Test hold, so the series converges. To
test absolute convergence, observe that

Z (1), | = Z(ln(n +1) —Inn)

=In(N+1)—Inl
=In(N+1) — oo.

Thus the series of absolute values diverges, and we conclude that the series con-

verges conditionally. O]
nn
n=1
—1)"3n n
Solution. Set a,, = ’ﬁ = (§> > 0. Then
n" n
3
VvV an = 57
and consequently
. .3
L= i 9=l =0

Since L = 0 < 1, the Root Test implies that the series converges. Therefore, the
series converges absolutely O]

— (=)
Z 2n —1

n=1

Solution. We apply the Divergence Test. A necessary condition for convergence
is that the summands approach zero. However,

(=1
2n —1

n 1

= lim =—-#0.

lim —
n—oo 2N — 1 2

n—o0

Thus, the terms of the given series do not approach zero. By the Divergence Test,
the series diverges. O
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3. Determine the radii and the intervals of convergence for the following power series.

() > nl(2z—1)"

n

() 2; () (z —a)" b>0

4. Determine whether each of the statements below is true or false. If it is true, justify
your response. If it is false, provide a counterexample.

(a) If Z a, and Z b, both diverge, then Z(an + b,,) also diverges.
n=1

n=1 n=1
. 1 1
Solution. False; set a,, = — and b, = ——. O
n n

b) If a, converges, then a,)? also converges.
g g

n=1 n=1

(=D"

Solution. False; set a,, = ) O
vn
(c) If a, > 0 and the series Z a, diverges, then Z na, diverges.
n=1 n=1
Solution. True; a,, < na, and use DCT. O
o (e.) a
d) If a,, > 0 and the series a,, converges, then — converges.
(@) > s then 3222 coer
Solution. True; fn < a, and use DCT. O
n
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(e)

(k)

(1)

(m)

x o
If a,, > 0 and the series Z a, converges, then Z sin(a,,) converges.

n=1 n=1

Solution. True; use the series expansion for sin(x) to show that sin(a,) < a, and

use DCT. n
If Z a, < Z b, and Z b, diverges, then Z a, also diverges.

n=1 n=1 n=1 n=1
Solution. False; this is not the statement of the direct comparison test. O

If Z a, conditionally converges, then Z |a,,| must diverge.

n=1 n=1

Solution. True; this is the definition of what it means for a series to conditionally
converge. O

If Z a, and Z b, both diverge, then Z anb, also diverges.
n=1

n=1 n=1

1
Solution. False; set a,, = b, = —. O
n

If Z a,, diverges, then nlggl(} a, = 0.

n=1

2

n
Solution. False; set a,, = ———. O
olution. False; set a R

o0 o0 oo
If Z a, converges and Z b, diverges, then Z(an + b,) converges.

n=1 n=1 n=1
. 1 1
Solution. False; set a,, = — and b,, = —. O
n! n

[o.¢] _1 n
The 37th partial sum for the series E (2—_35 is an overestimate.
n
=1

Solution. False O]

Every convergent series must pass the ratio test.

1
Solution. False; set a, = - for p > 1. O
n

If Z a, and Z b, both converge, then Z anb, also converges.

n=1 n=1 n=1
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: (=D"
Solution. False; set a,, = b, = ) O
NG
(n) If the series Z a, converges and a, > 0, then Z(an)2 converges.
n=1
[

n=1

Solution. True
5. Find a power series representation for the following functions.

r—1
(@) f() = 2
Solution. First, rewrite the function as
-1
x 1 3 1 3 1
T+ 2 x+2 21+%

Recall the geometric series formula

L _ ir", Ir| < 1.
n=0

1—r

Setting r = —g, we obtain
1 - T\
1+2 nzzo <_§>
Therefore,
3 o= (—1)"z"
fl@)y=1-23 ——
n=0

The series converges when
x
—§)<1 = |z| < 2.

At x = £2, the terms of the geometric series do not approach zero. Hence, the

interval of convergence is
(—2,2).

P41
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Solution. Recall that

1
(1—2)2 - Z(n+ 1)
n=0
Thus,
g(z) = (1 +2? Z n+1)x
n=0

Distributing, we obtain

g(z) = Zn—l—l +Zn+1 2,
n=0

Equivalently, combining like powers,

g(x) =142z + Z 2na".

n=2

The series converges for |z| < 1. At x = 1, the terms do not approach zero,
and at x = —1, the terms also fail to approach zero. Therefore, the interval of
convergence is

(—=1,1).

In(3 — 5x)

T2

(c) h(z) =

Solution. First, rewrite the logarithm as

In(3—5z) =In3+In (1—5;).

Recall the logarithmic power series

[e.9] n

t
n(1 —t) Z— It] < 1.
n

: St .
Setting t = 5 gives

In(3—5z) =3 -y .
n(3 —5z) =In3 2 g
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Dividing by 22, we obtain

n—

The logarithmic series converges when

o <1l < |z| < 5
l’ f—
3 5
At x = —2, the logarithmic series becomes alternating and converges. At x = 3

it becomes a divergent harmonic series. Since the original function is undeﬁned
at x = 0, the representation is valid for

[39463)

q(z) = x cos (g)

Solution. Recall the Maclaurin series for cos(t):

cost = Z -
|
— (2n)!

Setting ¢ = 5 gives
T 0 (_1)nl.2n
€0 (‘) =2 T
2) £ 9on(2m))!
Multiplying both sides by x, we obtain

Z 22n

n=0

n 2n+1

Since the Maclaurin series for cosine converges for every real number, this series
also converges for all x € R. Therefore, the interval of convergence is

(—00, 00).

6. Calculate the value of the following series

6n+2

ShIe

n=1

10
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Solution. Notice that

Thus,

This is a geometric series with common ratio r = % Using the infinite geometric

series formula, we have
36 =) =325 ) =12
>(5) -n()

— 5"+ (=3)"
n=0 6"
Solution. Splitting the sum (why can we do this?), we obtain
5t + — [ 1\"
I ORIC)
Both are geometric series with common ratios of absolute value less than 1. There-

fore,
=5 ! + ! —30+2—92
ST\1-2) T+l 33

n=0

Solution. Recall the geometric series formula

- 1
= <1
> ==

n=0

Differentiating both sides gives

i na" = ! .
e (1 —x)?

Reindexing the sum, we obtain

o0

0 1
Z(n+1)x T

n=0

11
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Setting x = % yields

in+1 _ 1 4
—~ on - (1_ 1)2 — .
n=| 2
00 3n
(d) ZS”TL!
n=0

Solution. Recall the Taylor series for the exponential function:

o0
X In
e = E —.
n!

n=0

We can rewrite the given series as

= 3" = (3/5)"
;5’%!:;} n!

Setting x = % in the exponential series gives

S G _ s
—~ nl '

12



