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Part 1. (20 points)

5 X)eX o ————— .
l°5‘|( ) cos(e*)e X V1= Vsorant(n) S°

Q1 - [logy(57) + cos™(in( ¥)] =

logq ( 5’.'"“*)) + cos™ (4n (™VX'))

= sin(eX) ‘oJ.‘(S) + COS"(‘S%'IVI(&))

Q2 Ay (z) =

5%
dr J.ns“(x) [5**"(5) n (4n (%)) + mto ]

\[=,¢ns’(")

An(y) = 5*an (en(x)) -
% % = 5%2en(5) an(4n(X)) + Xen(x)

5\(
B _ a5 ) [ 5%2n(8) i (4n (%)) + Tamp0 ]

dx
2
) sin(x) Ye I
as i () = Ve

<.s%ncx). ) Y2 e A (sin(x)) = aen(x)

X
xcok(xr) —1

lim Ln(sin(x)) — en(x) LH . cot(x) — '/x li
-0+ = W» = ™ .
X Xt X0 2% X0 2x2
UK . cot(x) — xeser(x) UH .
= v+ % = x|-':\o"' ,,,'— (—csc‘(x)—csc‘(xu):zxco-t(x) <“t.(x))
= lim oL (eS8 _p) 1 lim  2xcos(x)—2sin(X) _ tim —2%sin(x)
= x=07 4 Sincx) sin*(x) — x-»0+ Y sin3(x) = Xx0%  12sin2(x)cos(x)
L lim X LH _, lim !
- T— — — ., == | . .
© X30% sincx)cos(x) = © X-20% cosi(x)-sint(x) — /o, As e* is continuous,
lim sin(x) \Yxa _ I
x-»o*( X ) T eV
Q4 The value of k such that the equation €** = k+/z has one solution is K=2Ve’

Key idea: One solution means

Y]~ Y=CZ%
derivatives arc also ecluo.(!
y= KR ezx= K\r’?
= e?® = Yxe™* 2 x="
— 2e 2% = K
V¥ e'/==:<;'_'$K=2\E-'

A 4
X
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Part 2. (10 points) Consider the two power series given by

Xt =0 Vxelk.

00 2n o0 2n+1
; 22n n! and ; TL' n _|_ 1 192n+1
These are called Bessel Functions of the first kind.
Q1 Determine the radu of convergence of Jy(z) and J;(x).
. (=1)" R
R) =
L) To ( ) ngc (n‘)" qn
T hen ) lim O n4\ | _ limy (h! )‘ yn . lim |
noe Gn N=® | (nar)2(n!)yn+ X n-o 4Y(n+)2
ROC = OO

i-'\) Same idea 5‘0"‘ T.(x) o see ROC=oc0

Q2 Show that y(z) = Jo(z) solves the differential equation

2y (x) + zy (x) + 2°y(x)
T (x) = i (=1)"x2"
x)= Z e = y(x)
')nxzr\-ﬁz

< (-
l')x\,(x)-nzo (l’l‘)‘ qh .
(=1)" (2n) 2"

i) xy'(x)—xi (-1)" (2n) x> _
n=o (nl)‘l yn nso (n!)? qn

i) x2y(x)= x2 Z (=117 (z2n)(an-) x2n=2
=0 n‘)" yn

Sumw\inj (il) and (iii) = Z Ynta,x*"

h=o

Summinj +he above result w\-eh (L) viewds

z an x"‘"’"-‘-z Unta,x*"
‘ln‘(-l)

= 0.

Set a,=

— Z =" (an)(2n-1) X2

(n1)® 4"

hence consider
(=)

n=o
M =
(n1)*un

[« =]
= z an_‘ in
n=i

CE .

="

(n)t 4"

Yn? apt an

=0.
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Part 3 (15 points) Evaluate the following integrals.

Q1 /01 tan(sin~!(z)) = |

| “ X ton(sin-l(x))z :x;
f—g_—ah (sin~ (X)) dx = ):Fc:::

I=x?

u=I1-x?
du=-2xdx

| -1, —_ —_n'2
——?Ju tdu=-Uu

_ = - imxw

jton(sin—'(xndx=-\/l-x‘ |:, =-(o0o- l) =
)

Q2 /\/1—:52 dx = ',‘-_'x\/l-x‘ +%‘dr~csin()&)

_le—x' ax J X dx = Xt=|+! ax
u= vi-x* dv =dx Vi=x? Vi-x2
- 1-x? dx
: =-f\/l-x*'alx+ar~csin(x)

X
= XJVI=-xX* + JF”
=>IJ\/l—xz' dx = - JJl-xz'dx +le-xt' + arcsin(X) = fmdx= %xm+-;_—arcsin(x)

Ombine to 2 _f\l I=x*dx

Q3 /M dx = Lna(an(sin(x)))

In(sin(z))

cot(x) _ cos(x)
Jln(sin(x)) x = JSin(x)4n(sin(x)\ ax

u=sin(x)
du = cos(x)dx

= du
U Ln(u)

s= n(u)

ds= 4du
u

= j % = }n(s)=,€n(Ln(5iﬂ(x)))
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Part 4. (15 points)

= xf(x) + X2 F1(x)

Q1 If f(x Zanx" then Zn anx"

:f"(X): Z_anxn , 5"'(%) =
(Xf (x1)= ' (x) +x$"(x) = nzmn a, X!

Z“ann—' = Xj"(X)= "Z_"\av\

IR TIOED

p=1, 9>
Q2 cl;Fhe values of p and ¢ such that Z Wq(n) converges are pol, 9ER
p=I Z _' n=3 '
J’ d J dx N | < "Zs nP 2nt(n)
3 Ranltx) © PR nPnt(n) ne J'
4
CO;\\IC!‘?GS- if ar:d :?:v:r?;ii“ 3% xP ,g,\‘t(x)
and only if > Direct comparison test u=Ln(x) =2 x=ec"
IT' Yields convergence for du = i:—
P=1,9 e C('_P)u
P>1, q€eR =) —og—du—re Vee(o,1) ,q€eMk
2n(3) “
o In(In(x))
Q3 Evaluate the following integral: [ ——"">dr =| _en(%)Ln(Ln(X))— Ln (%)
x

ln(a:(n(xl) dx

+t= 2n(X)
dt = &=
- X

= [an(+)dt
U= Ln(+)

du= d_t v=<%
<

dv=dt

= tAn(x)— fdE
=+tan(t)-+
2Ln(X)Ln(Ln (X)) = Ln(X)
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Part 5. (15 points)

Q1 Consider the parametric equations

z(t) = e’ cos(t) y(t) = e'sin(t)

d
Eliminate the parameter and find %Y in terms of ¢.

dx
L) xt+y2 = e?Fcos? (1) + €ZFsin? (¥)
- o2t )
= =L en(xr+y?) dy _ Y/a+ etsin(t)+ e¥ cos(t)
= L en(xt+ 4y _ _
L X et ) dx dx/d'l:- et cos (+) —e* sin (x)
LL) —_— [X-X3 —Cot('b)
Y e* sin(x) s
5 t=cot™' (7)) x—Y
-1 X/ =l_'¢ X""'\Ia
cot™ ( Y) z 2An( ) - o

Viso? = G‘J '/3:+l
‘- |+ ‘/e‘ : e -*a_'

1 L - _., de
Q2 Find the length of the polar curve of r = g fromB< 60 <27 rede = -2 Yl = de—e =-toedt
r(e) - é = ris+ (r,(e))z = # + # Substdi:utinj YlelAdS
J 2 - J—
r'(e)= %; Veit o = 99:' N - JToedET fmdt
=L dt L at . I+t
_f\lru-(w(e))*'de 2 -« 2 I+ T""l -+
,/z—' _ Jdiver de It Q) (1+4)?
_ [ — ; A —— Tt o - oo = — 0t (1+x?)
=W av= % =n(8(1++)) = In (6+6Vi+ Vor)

___6de — e 2
WE=Tem V=TT | an(er i) | = 2n (&+ VTFET).

Q3 Eliminate the parameter of the parametric equatlons x =2cos(f), y =1+ sin(f). Find the
points of the horizontal and vertical tangent lines.

X=2cos(8) = cos(0)= Y2 ax _ -25in(0) :—;: cos (8)
Y= 1+5in(8) = sin(e) = y-! ae
Hence, xﬂ/q ry-2y+l=1. -235in(0)=0 cos(©)=0

e=o,w e="/2, %7,
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Part 6. (10 points)

3%y (In? 31 2 +1 -
Q1 Thegeneralsolutionm@: y(n (y) +3In(y) + )is &z “Fan (3x)+ C
dz 1+9* Ln(y)+ 2
dy _ 3*y(an*(y) +3n(y) +2)
dx 1+q% ' _ A _®
(ugr2)(ur1) — Wrz Wl
dy 3¥
= dx A=-| B=1|

Jv(.ml(yhsx.n(y)u) J.H-(s")‘ )

u,=2nly) u, =3%

! - ®
du, = ——dy du = A4n(3)3%dx
du, - I_ du‘
(u+1)(ur2)  2n3) 14+(U,)?
- ] — | dua
f u,+2 * u,+1 du = £n(3) 1+ (ug)?
' -
—J.n(u.""-)"'lh(uu'“) = m) tan—'(ua) + €
l -
~2n(anty)+2)+ ananly) +1) = ) tan '(3*)+c
1 — cos(z)

Q2 Use power series to evaluate: lim ———= =| — |
z—=0]1+x — e*

o3 nean q
. 1 - cos(x) _ (b TS P S
lim ————— = lim ' nz..-.o_ znd? _ lim Q-%+3-.0)
x=»0 !+x=¢c X+0 T+ & X = X0 jax-(1ex+2V+ )
2 %Y . nzo n! , . ay _
= lim _*/a- ATRISS LH im =X %= U e 1= ¥ e XY

X920 - %3/, = X5 = ¥ - X0 —x =X = %3y .. T X0 _jox-x,
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Part 7 (20 points) Determine if the following series converge or diverge. Show your work and state

any necessary hypotheses.

> 1
1 E -
Q — nvn? +1

(Direct Comparison T'es*-)

Method |
ni+|>nt  As T3 converges via the
= Vntar>n p—Series test, the direct
= nyniar >n® (Omparison test yields
]
| A converges, <oo.
= hsliiﬁ'< n2 nVni+ 3

Method 2 (Limit Comparison 'l‘est-)

Set ap= PY o) and b,= 3. As
lim On .. . +test
nw B, = 1>0, the limit comparison

2 bn

yields <hat 2 an converges as

ConVev-jes .

=t (n!) an+t | _ | (e (nt)™ _nt"
Set ap= nin The'\’ an —(n+|)'|“""| . _(n!)"
= | nin | n".n3*" n" " 3n
(Y\+|)3n+"| (n+1)¥ (n+1)3n | — (“_H)q Nt ) .
— > 1/3
By the ratio test yiclds divergence
0o Hj2
Q3 Z(—l)”— (Use the alternating series test)
n=1 2n 2 2 | 2
- n . X i — lim
Set an= Zn and consider j—(x): = Then, x‘_"“w F(R) = 5w 2
] Y| . . _ .
UH jm 2% 2 tim —— _ =0. Hence, Jim an=0. Thus, *the Alternaking
XP0D gn(2)2” X940 oa*(2)2
Series Test yields convergencs.
- nmw
4 sin (—)
Q4 ) _sin(
n=1
lim gjp (AX) = By the
n_’”sm(u) DNE . Yy

divergence test Zsih (%) diverges.
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1
1—1In®(t+1)

dt

Part 8 (20 points) Define the function f(z) = /
0 (t+1)

Q1 The domain of f(z)is| { %€ ™| e™'~1exgce-1]

®
d u=t+l du |
— = X+l
éudl—Jn‘(u) sin (&“( M ))

X
+ =
To= i(tﬂ)m =St

s= anlu) f ds
o

(%)= orcsin( en(t+1))

-l ¢ an(x+1) £ |

el exse-|

Q2 f(z) has an inverse on {Xéﬂll C"—léxsc-l}

:f (x) = (X-O-I)Jl—.tn‘(x-u-l)' - X+ . Vi—2n*(x+1)

<O <0

Q3 f(Z:; - 2n> = 3
0o n/a "
2 :.:,. =i(ﬁ'/z) - e\l?/z Jc(evr/z_,) - a,csi,\(‘,n(c@/z_lﬂ))
n=o0 n=o h!

=sin" (/)= /5
L 3n/2 _ \’?/2 sin ( 2
@r‘Z:l nt 2" c _I

Q4 (F(1/2) = | Sn(%2) )

I o : o
(f-l)!(%): m)} = es'"(/a)\/l-sin’(‘/z) — cSW\( /z)cos('/:.)

arsin(an(x+1)) =2
2n(Xx+1) = sin(Y2)

X = cSib'\('/'A-)_l
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Part 9 (20 points) Suppose that y = f(z) is a solution to the differential equation

where & > 0 and f(1) = 4.

Q1 The second order Taylor polynomial of f(z) at z = 1 is given by

fO)=\

Fi(x)= :—:: YX 2n(x)+ Ksin(R)

£'01) = (u)(v) 2n(1) +Ksin (1) = KksinC1)

i/ = yx ln(z) + ksin(x)

£1(x) = :_1 xen(x)+y (4n(x)+x) + Keos (x)

F'0)= (ksin()()en (1) + 4(nC1) +1) + Keos(1) = Y+ Keos (1)

F(%) 2 Y + Ksin(1) (x=1)+L(4 +Keos (1)) (x—1)2

Q2 If £ = 0, then the solution to the initial value problem is given by

I+ k=0, %:yx&n(x)

= xen(r)dx

ay
Y
dy _
J‘T— jxlh(X)dx
U= Ln(x) dv=xdx
dx x*

du= =S¢ V=7

Lnlyl= X 0 (x) =+ fxdx

Lnlyl = ’(Ta (en(x) -;:') +C

F0) =4

c= an(d)+ N

F(%) 2 Y + Ksin(1) (x=1)+L(4 +Keos (1)) (x=1)2

y=exp( £ (anlx)=%) +an()+Yy)

Inlyl= xT‘(.en(x)-f)+4n(‘|)+ /4

\/ = cxp( XT‘ (An(x)—%) +en(4)+ |/‘l)

An(¥) = (=1)*c

Q3 The domain of f(z) is| >0
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Part 10 (25 points) Define the function g(z) = ze®.

1
Q1 Calculate / g(x) dz in two ways: an integration techique and a power series technique.
0

\ .. _ x x'\ xl\‘.“
V) J oxe*dx “) Xe¥= XZT= ,.Z.o nt
° n+l e b ae
uzx dvze*dx IXe*dx—JZ" =) JX ax
o h=o : n=oo N
du=dx v=e* - Z
- (n+z)n‘
= xe*lo— fe*dx
°
=€ —(e -1)=
Q2 y = g(x) satisfies the following differential equation dy = ( X ;' ! ) Y

Q3 The above differential equation is|{SEPARABLE|or NON-SEPARABLE.

Q4 The domain of h(p) = / % deis|  ps |
1

(&

¢ (%l T | NI i e
= i -p)X -
| e | | . '
u=x dv=e (1-p)x dx converges if and
duzdx v= ——gi-p) only if p>l.
"P

Q5 g(x) has an inverse on the domain | (-0, -1)U(-1, o)

j'(X)=(x+‘)Cx 30()‘))0 x> -l

As e*>0 VxeR, the sign of 9'(x)<0  Uxe-l
X+| determines if 9(x) has

an inverse.

e
Q6 / 3""( x) dr=| &~ | . (Hint: what is an inverse?)
0

. \
triangle areca = z<? {

orea oj— orangc rcj'\on = gj(X)—XdX + :(c_x ax
= |- —;_- + c(e-|)—%(cz_,)

I+ et~

S e ber- (i dere) = e
0
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Part 11 FExtra space for work
N
v y:j( x)

can calculate
“«his areq!

[

/ '/V,
Also equal // / /
+o jj“(x)dx 'k

bY symmetry

=y

End of Exam. Check your work!



